Abstract Flood forecasting is an important non-structural means of flood mitigation. An updating technique is a tool to update the forecasts of mathematical flood forecasting model based on data observed in real time, and is an important element in a flood forecasting model. An error prediction model based on a fuzzy rule-based method was proposed as the updating technique in this work to improve one-to fourhour-ahead flood forecasts by a model that is composed of the grey rainfall model, the grey rainfall-runoff model and the modified Muskingum flow routing model. The coefficient of efficiency with respect to a benchmark is applied to test the applicability of the proposed fuzzy rule-based method. The analysis reveals that the fuzzy rulebased method can improve flood forecasts one to four hours ahead. The proposed updating technique can mitigate the problem of the phase lag in forecast hydrographs, and especially in forecast hydrographs with longer lead times.
INTRODUCTION
Recently, flood warning, which is a non-structural method, has been increasingly recognized as an important method for flood mitigation. Flood warning can be defined as the provision of advanced notice that a flood may occur in the near future at a certain station or in a certain river basin (Reed, 1984) . A flood warning model usually comprises both a flood forecasting model and an updating technique. The flood forecasting model, consisting of the grey rainfall model (Chen, 1998; Yu et al., 2000) , the grey rainfall-runoff model (Chen, 1998; Yu et al., 2001 ) and the modified Muskingum flow routing model (O'Donnell, 1985; Khan, 1993; Yu & Tseng, 1996; Yu et al., 2003) , was used in this study to forecast floods one to four hours ahead. However, a real-time forecasting model normally yields prediction errors due to input In this study, a flood forecasting model, composed of the grey rainfall model, the grey rainfall-runoff model and the modified Muskingum flow routing model, was first established to provide one-to four-hour-ahead flood forecasts. An error prediction model based on fuzzy rule-based method was then constructed to update the flood forecasts. Finally, the conclusion was drawn from the validation results that the proposed fuzzy model can improve flood forecasting and mitigate the problem of the phase lag in forecasted hydrographs.
STUDY AREA AND DATA SET
Cho-Swui Creek, the longest river in Taiwan, is located in the middle of Taiwan. The mean annual precipitation in this area is around 2460 mm. About 80% of annual rainfall falls in the wet season from May to September. The gauged station at Yu-Fong Bridge, with a drainage area of 2099 km 2 , controls most of the upstream area of the Chi-Chi Weir ( Fig. 1) , which is an important infrastructure for water resources management and regulation in Cho-Swui Creek. Two upstream gauged stations, ChinYun and Nei-Mau-Pu, are located on the main stream and tributary, respectively, with control areas of 1526 and 367 km 2 , respectively, as depicted in Fig. 1 . The channel length from Chin-Yun to Yu-Fong Bridge is 14.6 km, and that from Nei-Mau-Pu to Yu-Fong Bridge is 16.5 km. The study area is located in a steep, mountainous region. The bed slope of the routing channels is about 1/160, and the slope in two upstream basins is about 1/25. Table 1 lists eight historical storm events in the Chin-Yun basin and 10 events in the Nei-Mau-Pu basin used to calibrate the grey rainfall-runoff model. Data of six of another eight historical events (Table 2) , which were not used to calibrate the grey rainfall-runoff model, but are available for all three stations, were collected to calibrate the flow routing model and the error prediction model. The other two events (Table 2) were used to verify the overall proposed flood forecasting model. 
REAL-TIME FLOOD FORECASTING MODEL
Most basins in Taiwan are steep, and hydrographs rise soon after the onset of a rainstorm, so a rainfall forecasting model is sought to extend the lead time of real-time flood forecasts. This study coupled a rainfall forecasting model with a rainfall-runoff forecasting model to predict runoff from upstream basins (Chin-Yun and Nei-MauPu). The predictions of runoff were then routed downstream to Yu-Fong Bridge by a hydrological flow routing model to perform real-time flood forecasts one to four hours ahead downstream. Both the rainfall forecasting model and the rainfall-runoff forecasting model are based on grey system theory (Yu et al., 2000 (Yu et al., , 2001 . The flow routing model is the well-known Muskingum model, modified to incorporate tributary inflow and lateral inflow (O'Donnell, 1985; Khan, 1993; Yu & Tseng, 1996) . These models are described briefly below.
Grey rainfall and rainfall-runoff model
Grey system theory, first proposed by Deng (1989) , provides an effective means for predicting future data from only a few observations. "Grey" means that all information about the system cannot be known explicitly. A raw time series output from an unknown system may be random and impossible to be modelled directly. However, the degree of randomness of the raw time series may be reduced and possess regularity after the repeated application of the accumulated generating operation (AGO). Therefore, one can use a differential equation to approximate this regular new time series. Normally, a once or twice accumulation of the raw time series is enough to apply a differential equation. The purpose of data accumulation is to reveal the hidden regularity in the raw time series. Therefore, the regular accumulated data can be fitted by a differential equation. Moreover, for the reason that recent data contain more important information about the system than past data, the grey model uses only a few observations (often four data values) to construct the model dynamically at each time step. Furthermore, an important difference between the grey model and general time series models is that the grey model, as applied in this work, is deterministic and general time series model is stochastic.
The most commonly used grey model is GM(1,1), which has been successfully applied in previous investigations (such as those of Deng, 1989; Xia, 1989; Chen, 1998; Yu et al., 2000 Yu et al., , 2001 . The GM(1,1) model represents a grey model defined as a first-order differential equation with one variable. Deng (1989) and others have extensively discussed this method. In this work, the modified GM(1,1) model developed by Yu et al. (2000) was chosen as a rainfall forecasting model. Yu et al. (2000) detailed the algorithm of this method.
Many approaches have been developed to simulate the process between rainfall and runoff. Recently, Lee & Wang (1998) and Yu et al. (2001) applied the grey model to rainfall-runoff modelling. The methodology from the latter reference is used here.
Modified Muskingum model
The Muskingum model is a classical method for dealing with the flow routing problem. The modified Muskingum model (O'Donnell, 1985; Khan, 1993; Yu & Tseng, 1996; Yu et al., 2003) , accounting for both tributary and lateral inflows, was applied in this work to forecast the flood at a downstream site using runoff from the upstream main channel and the tributary. Also, the lateral inflow from the drainage area between the upstream and downstream stations was taken into account.
FUZZY INFERENCE MODEL
A fuzzy inference model generally consists of four modules: (a) a fuzzification module, (b) a fuzzy inference engine, (c) a fuzzy rule base and (d) a defuzzification module. Figure 2 presents the process of fuzzy inference and the interconnections among the modules. The following algorithm outlines the construction of a fuzzy inference model (Ross, 1995; Pongrácz et al., 1999; Panigrahi & Mujumdar, 2000) . 
Step 1 Fuzzifying inputs
Input variables, which, in traditional models, are crisp numerical values, are first transformed into fuzzy variables by applying a fuzzy membership function. The function defines the degree of similarity between an input variable and a defined fuzzy set. The degree of similarity is specified as a fuzzy membership grade between zero and unity. Usually, the fuzzy membership function is determined from the experience and knowledge of experts. Various types of fuzzy membership function have been proposed. In this work, a symmetric exponential function (Fig. 3) was chosen as the fuzzy membership function:
where µ(x) is the fuzzy membership grade, a is the decay parameter of the degree of similarity, and herein x denotes the difference between the value of input variable and ) of flood forecasting model were chosen as output variables in the fuzzy inference model. Different variables should have different parameters in the membership function. However, the six input variables used are of the same kind (i.e. discharge variable) and have similar physical meaning. Hence, for simplicity, the same parameter a was set for all input variables and optimized as 0.07 by trial-and-error method in this study.
Step 2 Formulating fuzzy rules
Each fuzzy rule is in the form of an "if-then" statement, where the "if" part is the premise or antecedent of the rule, and the "then" part is the consequence or conclusion of the rule. A fuzzy rule is expressed as:
where X 1 , X 2 , …, X m are input variables; Y 1 , Y 2 , …, Y n are output variables; and A 1 , A 2 , …, A m and B 1 , B 2 , …, B n are fuzzy sets defined by the membership function in Step 1. The premise of the fuzzy rule is evaluated as a single value between zero and one, whereas the consequence yields the output variable as a fuzzy set. For the defined input and output variables the fuzzy rules were specified as: represent fuzzy sets which can be obtained from the results of calibrating the data concerning historical events in Table 2 , and the fuzzy sets of forecasting errors (E 1 , E 2 , E 3 and E 4 ) can also be obtained from the calibration results. Six historical events for calibration in Table 2 offered the data set for formulating fuzzy rules. Instead of defining the fuzzy linguistic variables, each data set was directly used to create a fuzzy rule. This scheme does not require the prior knowledge of the problem investigated and may eliminate the subjectivity in defining the fuzzy linguistic terms. Therefore, 472 rules were formulated in the rule base according to six calibration events. These formulated fuzzy rules provide the background knowledge, which is derived from the historical occurrences, to make fuzzy inference. This work mines the fuzzy rule base using a fuzzy inference engine to predict the errors in various lead times ( 4 3 2 1ˆ and ˆ , , E E E E ) in the proposed fuzzy system. The algorithm is detailed in the next step.
Step 3 Inference using fuzzy inference engine After the upstream discharges ( ) can be generated using the fuzzy inference engine according to both the fuzzy rules in
Step 2 and the fuzzy membership function in Step 1. The fuzzy inference engine is a mechanism for drawing inferences (generating errors of the forecasting model herein) based on both the fuzzy rule database and the input fuzzy variables, which are transformed from the crisp inputs (upstream discharges and downstream discharge in the forecasting model) using the fuzzification module in Step 1. Fuzzy inference includes the procedures of implication and aggregation, as follows.
Implication The implication step is to generate an output fuzzy set that is associated with each rule, to relate multi-input fuzzy variables to multi-output fuzzy variables. The fuzzy membership grade of each input variable is first obtained from the corresponding fuzzy function, as presented in Fig. 4 . The membership grade µ(x) is calculated according to equation (1) in which the value x is the difference between the value of input variable (e.g. t Q′ in equation (3)) and the target value (e.g. t Q in equation (3)). The AND operator is then used to evaluate the minimum fuzzy membership grade from various input fuzzy membership grades. The minimum fuzzy membership grade is finally applied to truncate the fuzzy function and yield the fuzzy set of output variables for each rule, as presented in Fig. 4. Aggregation Aggregation is the procedure that integrates the output fuzzy set of each fuzzy rule with the implication step, using the MAX operator. The operator combines various output fuzzy sets associated with each rule using the fuzzy union (maximum), presented in Fig. 4 .
Step 4 Defuzzification
The result obtained from the inference engine is expressed as a fuzzy set, as shown in Fig. 4 . In practical applications, this fuzzy set should be converted into a single crisp value by defuzzification. Various approaches can be taken to defuzzify this fuzzy set. The centroid method, which determines the centre of the area under the curve of the fuzzy membership function, is implemented herein. The centroid method directly computes the output value as a normalized combination of membership grades, 
where * y is the defuzzified value, µ(y i ) is the fuzzy membership grade of the output variable y i of the ith rule, and n is the number of rules in the fuzzy rule base.
MODEL ANALYSIS RESULTS

Developing the model
An overall flood forecasting model, including the grey rainfall forecasting model, the grey rainfall-runoff model and the flow routing model, was first constructed for the studied area, based on historical events. The first four observed rainfall data values of a storm event were used to develop the initial parameters of the grey rainfall forecasting model, and next the grey rainfall forecasting model can perform dynamic rainfall forecasting using four new rainfall observations. That is, the grey rainfall forecasting model uses the moving-window technique in calibration with four past data. Therefore, the model does not depend on calibration with reference to historical events. The rainfall forecasting model predicted one-to three-hour-ahead rainfall forecasts in order to provide the inputs of the rainfall-runoff forecasting models.
Two grey rainfall-runoff forecasting models of Chin-Yun and Nei-Mau-Pu basins were constructed using the historical storm events referred to in Table 1 . These procedures are detailed in Yu et al. (2001) . The grey rainfall-runoff models for the Chin-Yun and Nei-Mau-Pu basins are as follows:
where Q
(t) is the first-order accumulated generating operation (AGO) series of discharge data and R
(1) (t) is the first-order AGO (1-AGO) series of rainfall data. The first-order AGO (1-AGO) of a series x(t) indicates that the elements in the series are accumulated once such that:
The coefficient of determination (R 2 ) between the observed and simulated discharges was taken as an index to examine the performance of the model. The results of the verification based on the first six events in Table 2 show that the average values of R 2 for the Chin-Yun and Nei-Mau-Pu basins are 0.88 and 0.92, respectively. Accordingly, equations (5) and (6) reasonably simulate the rainfall-runoff behaviour in the study area. They were then applied to forecast the runoff one to four hours ahead in the upstream basins to provide the inputs of the flow routing models.
Observed discharges at the upstream gauged stations, Chin-Yun and Nei-Mau-Pu, and at the downstream station, Yu-Fong Bridge, pertaining to the first six historical storm events in Table 2 , were used to construct the modified Muskingum flow routing model in equation (8), which will be applied below. The development of the model is described in Yu & Tseng (1996) . The results of calibration using the first six historical storm events in Table 2 
Herein, I
is the inflow discharge at Chin-Yun, I
is the inflow discharge at NeiMau-Pu, Q is the outflow discharge at Yu-Fong Bridge, and the subscript t is time.
Model application to flood forecasting
Floods at the downstream site, Yu-Fong Bridge, were forecast one to four hours in advance, using the proposed flood forecasting model, which consists of the grey rainfall model, the grey rainfall-runoff model and the modified Muskingum flow routing model, as described in the preceding section. The two most recent historical storm events (C7 and C8) in Table 2 were considered to verify the performance of the proposed flood forecasting model.
The coefficient of efficiency with respect to a benchmark (CE bench ) in equation (9) (Seibert, 2001 ) was the criterion used in this work to assess the forecasting performance of the model. 
where q t is the observed discharge; t q is the forecast discharge;
bench t q is the benchmark discharge at time t, and n is the number of discharge data. The value of CE bench is negative if the forecasting model is poorer than the benchmark model, which is the naïve model used in this work; zero if the forecasting model performs as well as the benchmark, and positive if the forecasting model is superior. The naïve forecasts at time (t + l) are assigned to equal to the observation at time t. Table 3 presents CE bench one to four hours ahead for two verification storms. The positive values of CE bench show that the proposed flood forecasting model outperforms the naïve forecasting model, which simply takes the most recently observed value for the current prediction. Figure 5 shows the observed and the forecasted hydrographs of event C8. The figure indicates that the proposed flood forecasting model has a satisfactory forecasting ability over one and two time steps. However, the forecasting performance becomes worse as the lead time increases. Additionally, a phase lag between the observed and forecast hydrographs exists, and increases with the lead time. The same phenomenon is observed in relation to event C7. Thus, the next section implements an updating method, to improve the forecasting performance-especially for longer lead times. 
Updating using the fuzzy rule-based model
An error updating method, based on the fuzzy inference method was applied to improve the forecasting ability. Figure 6 shows significant improvement in relation to event C8, in which the forecast hydrographs are much closer to the observed hydrographs. In particular, the phase lag in Fig. 6 is less than that in Fig. 5 . The verification indicates that the proposed fuzzy inference method has the potential to improve the performance of the flood forecast. Nevertheless, event C7 is a larger storm with a greater peak flow, and the improvement is smaller. The proposed updating technique should be tested on a larger number of big storms. However, the last three years in Taiwan have been relatively dry, and so no data on such large storms have been collected.
CONCLUSION
An error updating technique based on fuzzy inference was proposed to improve the flood forecasting model, which is composed of the grey rainfall forecasting model, the grey rainfall-runoff forecasting model and the modified Muskingum flow routing model. Six historical storm events from Cho-Swui Creek provided the database which was drawn upon to predict the errors associated with fuzzy rules. These are the rules used to make fuzzy inferences. The results from two verification storms imply that the fuzzy inference method can effectively improve the forecasting of floods one to four hours ahead. The time lag between the forecast hydrographs and the observed hydrographs can thus be reduced, especially for forecast hydrographs with longer lead times. This work found that the updating method based on fuzzy inference can improve the flood forecasting model. However, more work is needed to support this conclusion. For example, the updating technique proposed herein strongly depends on the fuzzy rules in the fuzzy inference engine, which were generated according to historical storm events. If the database were to include data on more historical storms with a wider range of characteristics, then the fuzzy inference engine would include more diverse fuzzy rules, which would be more likely to cover a future storm. The updating technique could mine similarity data from the historical database to predict errors and yield more robust results. Only a few historical storm events were available in the study area. The last three years in Taiwan have been relatively dry. The model proposed in this work does not consider the stochastic characteristics of the rainfall and the runoff series. In future work, the methodology to incorporate the uncertainty of forecasts based on the fuzzy rule-based model will be extended.
